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a b s t r a c t
He’s frequency formulation is used to obtain the relationship between the frequency and
amplitude of a nonlinear oscillator. The general approach is to choose two linear oscillators;
in this paper, however, one linear oscillator and the Duffing oscillator are chosen as trial
equations. The solution procedure is of utter simplicity, while the result is of high accuracy.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper we will study the following nonlinear oscillator:
u′′ + u

1+ ε2u4 + u = 0, u(0) = A, u′(0) = 0. (1)
The relationship between the frequency and amplitude is the main property of a nonlinear oscillator. Recently many
analytical methods have appeared, such as the parameter-expansion method [1,2], the homotopy perturbation method
[3,4], the max–min approach [5–7], the energy balance method [8–10], and others. In this paper we will elucidate the
simplest method for nonlinear oscillators, that is He’s frequency formulation [11], which can be applied effectively to all
kinds of nonlinear oscillators [12–21].
2. He’s frequency formulation
He’s frequency formulation was first proposed in a review article [11] in a few lines; the formulation can be derived
on the basis of an ancient Chinese mathematical algorithm. The formulation immediately caught attention [12–21] in the
engineering community due to its simplicity and effectiveness.
The general approach of He’s frequency formulation is to choose two linear oscillators. For the present problem, we can
choose
u′′ + 2u = 0, (2)
and
u′′ + ω2u = 0. (3)
Eq. (2) is obtained when we set ε = 0, and Eq. (2) is a linearized one where ω is the sought frequency.
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Fig. 1. Comparison of the approximate period, Eq. (13), with the exact one. Continued line: exact solution, dashed line: approximate one.
We, therefore, have two initial solutions u1(t) = A cosω1t and u2(t) = A cosω2t , where the squares of ω1 and ω2 are,
respectively, ω21 = 2 and ω22 = ω2. Substituting u1 and u2 into Eq. (1) results in residuals, R1(t) and R2(t), respectively.
He’s frequency formulation is
ω2 = ω
2
1R2(t2)− ω22R1(t1)
R2(t2)− R1(t1) (4)
where t1 and t2 are location points. Generally we set t1 = t2 = 0 [11] or t1 = T1/12 = π/6ω1, t2 = T2/12 = π/6ω2 [12].
In this paper we will apply Ren’s modification of the formulation [21], where the chosen oscillators can be nonlinear
ones, however, with known solutions. We choose hereby one linear oscillator and one nonlinear oscillator—the well Duffing
equation.
In case ε→ 0, Eq. (1) reduces to
u′′ + 2u = 0, ω21 = 2. (5)
When ε→∞, Eq. (1) becomes
u′′ + εu3 + u = 0, (6)
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Fig. 1. (continued)
Eq. (6) is the well-known Duffing oscillator; its approximate frequency can be written as [22]
ω2 =

1+ 3
4
εA2. (7)
Two trial functions are as follows:
u1(t) = A cosω1t, (8)
u2(t) = A cosω2t, (9)
where ω1 and ω2 are expressed in Eqs. (5) and (7), respectively. Substituting Eqs. (8) and (9) into Eq. (1), we obtain the
following residuals, respectively:
R1 = A cosω1t(1− ω21 +

1+ ε2A4 cos4 ω1t) (10)
R2 = A cosω2t(1− ω22 +

1+ ε2A4 cos4 ω2t). (11)
Using He’s frequency formulation, and setting ω1t1 = ω2t2 = π/6, we have
ω2 = ω
2
1R2(t2)− ω22R1(t1)
R2(t2)− R1(t1)
=
2 ·
√
3
2 A

1+ 916ε2A4 − 34εA2

− 1+ 34εA2 √32 A 1+ 916ε2A4 − 1
√
3
2 A

1+ 916ε2A4 − 34εA2

−
√
3
2 A

1+ 916ε2A4 − 1

= 1+

1+ 9
16
ε2A4. (12)
Obviously, the approximate period reads
T = 2π
1+

1+ 916ε2A4
. (13)
The accuracy of the period obtained is shown in Fig. 1.
3. Conclusion
Here He’s frequency formulation is proved to be a powerful mathematical tool for use in the search for periodic solutions
of nonlinear oscillators. It is simple, straightforward and effective.
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